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Representability

We have established a closed connection between computability and definability over N, but how much of that can
PA™ actually prove? We need to make sure it can represent sufficiently simple (i.e., computable) functions and sets
faithfully.

Definition 0.1. Let T be a theory in the language of arithmetic L that extends PA™. A (total) function f : N¥ — N
is representable in T iff there exists an L-formula 6(zq,...,x,y) such that for all nq,...,n;,m € N:

e (a) TF3yO(ny,...,ny,y), and
e (b) f(ny,...,n,) =m= TFO(ng, ... ,ngm).

Similarly, a set S C N¥ is representable in the theory T iff there exists an L-formula 6(z, ..., ;) such that for
all ny,...,n, € N:

e (¢) (ng,.ymy) €S =THF0O(ny,...,ny), and
o (d) (ng,.smy) €S =T —0(ny,...,ny).

If the function f (or the set S) is representable by a X;-formula, then f (or S, respectively) is called ;-
representable.

Note that by definition, representability is preserved when we pass to a theory TV D T'.

Theorem 0.1 (Represetation Theorem).
(i) Every recursive function f: NF — N is ¥, -representable in PA™.

(ii) Every recursive set S C NF is 3, -representable in PA™.

Proof. (i) Let f : N¥ — N be a recursive function, so its graph I' ¢ is definable over the natural numbers by a
¥ -formula 32 ¢(Z,y, Z), where ¢ has only bounded quantifiers. Since every formula of the form 3Z ¢ is equivalent
in PA™ to Ju 3Z (Z < u A ¢), we may assume that Z is just a single variable z. We now form the A,-formula

(T, y, 2):

‘P(fay,z)/\vuavﬁy+Z(u+U<y+z—>ﬂcp(:?,u,v)).

We now claim that the X;-formula 3z ¢)(Z, y, z) represents the function f in PA™:

First we show (b). Assume that f(nq,...,n;) = m holds, thus N F 3z p(nq, ... ,ny, m, z). The number m is uniquely
determined since f is a function. Choose [ as the smallest number such that N k ©(nq,...,ny,m,1). Then clearly
N E ¥(nq,...,ny, m,1) also holds, and thus N E 3z ¢)(nq,...,ng,, m, z). As a El—senteng, this sentence is preserved
under all end extensions of the standard model to a model of PA | thus it holds in all models of PA | and therefore
PA™ 3z ¢¥(nq,...,ny, m, z) by the Completeness Theorem.

The proof of (a) uses a similar argument: Let f(nq,...,n;) = m and let [ again be the smallest number such that
N E ¥(nyq,...,n,,m, 1) holds. Let M E PA". We claim that m is the only element of M that satisfies the formula
Yy, ooy, x, 1) in M. M E)(ng, ..., ny, m, 1) due to the absoluteness of A-formulas. If a,b € M are two elements
such that M E V(N ..y ny, @y b)fthen;e must have a,b < m + [: For if one of them were greater than m + [, we
would also have a + b > m + [. We assumed



M ': w(ﬂ? A 7%7 a’ b)’

so by definition of ¢ we have

MFEp(ng,...,ny,a,b) AVu,0 <a+b(utv<at+b——p(ng,..,n,,u,v)).

But since m + 1 < a + b, this would imply _‘%0(@7 ey Mgy ML, ) in M, contradicting the choice of m and .

As M is an end-extension of N, a,b < m + [ implies a,b € N. Thus, again by the absoluteness of A,-formulas, we
have N F 9(ny, ..., ny, a,b), from which N F 32 ¢(ny, ..., ny, a, z) follows, and therefore a = m.

(ii) now follows easily: If S is recursive, then the characteristic function cg is computable, thus by (i) represented
by a ¥;-formula 6(Z,y) in PA". Then S is represented by the formula 6(Z, 1), since we have:

PA™ - —0(7,1) <> PA™F 0(Z,0).
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