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Consistency and Undecidability
The Second Incompleteness Theorem
As we saw previously, for a recursivley axiomatizable theory 𝑇 , the relation

Prf(𝑥, 𝑦) ∶ ⟺ 𝑥 = ⌜𝜓⌝, 𝑦 = ⟨⌜𝜑1⌝, … , ⌜𝜑𝑛⌝⟩, 𝜑1, … , 𝜑𝑛 is a 𝑇 -proof of 𝜓

is recursive. It follows that for such 𝑇 , the relation

prov𝑇 (𝑣) ∶⇔ ”v is the Gödel number of a formula 𝜑 and 𝜑 is provable in 𝑇 ”
⇔ ∃𝑦 Prf(𝑥, 𝑦)

is r.e. and thus definable by a Σ1-formula 𝜃(𝑣).
In PA1 one can verify the following derivability conditions:

(𝐷1) 𝑇 ⊢ 𝜎 ⇒ 𝑇 ⊢ 𝜃(⌜𝜎⌝)
(𝐷2) 𝑇 ⊢ 𝜃(⌜𝜎 → 𝜏⌝) → (𝜃(⌜𝜎⌝) → 𝜃(⌜𝜏⌝))
(𝐷3) 𝑇 ⊢ 𝜃(⌜𝜎⌝) → 𝜃(⌜𝜃(⌜𝜎⌝)⌝)

Here 𝜎, 𝜏 are arbitrary sentences of the language ℒ𝐴, and the Gödel numbers 𝑛 should be replaced in these formulas
by the corresponding terms 𝑛.

Using such a proof predicate, one can also formalize the consistency of a theory, for example:

Con𝑇 ∶⇔ ¬𝜃(⌜0 = 1⌝).

Theorem 0.1 (Second Gödel Incompleteness Theorem).
Let 𝑇 be a theory in the language 𝐿 for which there exists a formal proof predicate 𝜃 as defined above (e.g., 𝑇 = PA).
Then:

𝑇 consistent ⟹ 𝑇 ⊬ Con𝑇 .

Sketch. By the Diagonalization Lemma, there exists a sentence 𝜏 such that

𝑇 ⊢ 𝜏 ↔ ¬𝜃(⌜𝜏⌝) (1)

If 𝑇 ⊢ 𝜏 , it follows from (𝐷1) that
𝑇 ⊢ 𝜃(⌜𝜏⌝)

By (1), this implies 𝑇 ⊢ ¬𝜏 , hence 𝑇 is inconsistent. This yields
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𝑇 consistent ⇒ 𝑇 ⊬ 𝜏. (2)

One can show that this proof can be formalized and represented in 𝑇 using the proof predicate 𝜃, thus

𝑇 ⊢ Con𝑇 → ¬𝜃(⌜𝜏⌝). (3)

If 𝑇 is consistent, by (2), 𝑇 ⊬ 𝜏 . Using (1), this implies 𝑇 ⊬ ¬𝜃(⌜𝜏⌝). Thus, by (3), 𝑇 ⊬ Con𝑇 .

Truth is Not Definable
While the usual syntactic concepts formed for a formal language ℒ can be defined in the language of number theory
and their essential properties can be proven in PA, this is not possible for the semantic notion of truth:

Theorem 0.2 (Tarski’s Undefinability Theorem).
Let ℳ ⊧ PA−. Then there is no ℒ𝐴-formula 𝜃(𝑣) such that for all natural numbers 𝑛

ℳ ⊧ 𝜃(𝑛) ⟺ 𝑛 = ⌜𝜎⌝ for an sentence 𝜎 with ℳ ⊧ 𝜎.

Proof. If there were such a truth definition 𝜃, then by the Diagonal Lemma we could find a sentence 𝐺 such that

PA− ⊢ 𝐺 ↔ ¬𝜃(⌜𝐺⌝),

in particular,

ℳ ⊧ 𝐺 ⟺ ℳ ⊧ ¬𝜃(⌜𝐺⌝).

On the other hand, for the truth definition we would need:

ℳ ⊧ 𝐺 ⟺ ℳ ⊧ 𝜃(⌜𝐺⌝),

which yields a contradiction.

Undecidability
Theorem 0.3.
If 𝑇 is a consistent theory in the language ℒ𝐴, then not both the diagonal function 𝑑 and the set ⌜𝑇 ⊢⌝ are representable
in 𝑇 .

Proof. We assume that 𝑑 is represented by a formula 𝛿(𝑥, 𝑦) and the set ⌜𝑇 ⌝ is represented by a formula 𝜑𝑇 (𝑣0) in
𝑇 , and we choose 𝜃 = ¬𝜑𝑇 , so that from the Diagonal Lemma we obtain the existence of a formula 𝐺 such that

𝑇 ⊢ 𝐺 ↔ ¬𝜑𝑇 (⌜𝐺⌝). (4)

Case 1: 𝑇 ⊢ 𝐺, thus ⌜𝐺⌝ ∈ ⌜𝑇 ⊢⌝. Then by representability, 𝑇 ⊢ 𝜑𝑇 (⌜𝐺⌝) and with (4) also 𝑇 ⊢ ¬𝐺, i.e., 𝑇 would
be inconsistent.

Case 2: 𝑇 ⊬ 𝐺, thus ⌜𝐺⌝ ∉ ⌜𝑇 ⊢⌝. Then again by representability, 𝑇 ⊢ ¬𝜑𝑇 (⌜𝐺⌝), and with (4) 𝑇 ⊢ 𝐺, contradiction!

Corollary 0.1 (Church).
If 𝑇 is a consistent theory in the language ℒ𝐴 which extends PA−, then 𝑇 is undecidable.

Proof. If 𝑇 extends PA−, every recursive function, including 𝑑, is representable in 𝑇 . Hence, by Theorem 0.3, ⌜𝑇 ⊢⌝
is not representable. It follows that ⌜𝑇 ⊢⌝ is not recursive (since all recursive sets are representable in any consistent
extension of PA−.
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Corollary 0.2 (Church).
The set

VAL ∶= {⌜𝜎⌝ ∶ 𝜎 ℒ𝐴-sentence with ⊢ 𝜎}
(i.e. the set of all sentences that are validities) is not recursive.

Exercise 0.1. We say an ℒ𝐴-theory 𝑇 ′ is a finite extension of an ℒ𝐴-theory 𝑇 if 𝑇 ′ ⊇ 𝑇 and 𝑇 ′ ∖𝑇 is finite. Show
that if 𝑇 is decidable and 𝑇 ′ is a finite extension of 𝑇 , then 𝑇 ′ is decidable.

Corollary 0.2. Since PA− is finite, it is a finite extension of the empty theory 𝑇 = ∅. Since VAL = ∅⊢, by
Exercise 0.1, if VAL were recursive so would be (PA−)⊢, contradicting Corollary 0.1.
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