
MATH 557 Midterm 2 Preparation

The second midterm will have two parts:

1. Reproduce a proof (in sufficient detail) of one the theorems below we covered in class.
2. Present a proof to one of the exercises (or a closely related problem) listed on this page.

Theorems
Theorem 1

Any two countable models of DLO are isomorphic.

Theorem 2

Suppose for ℒ-theories ℳ, 𝒩, ℳ ⊆ 𝒩 and for any formula 𝜓(𝑥, ⃗𝑦) and any ⃗𝑎 ∈ 𝑀 , if there exists 𝑏 ∈ 𝑁 such
that 𝒩 ⊧ 𝜓[𝑏, ⃗𝑎], then there also exists 𝑐 ∈ 𝑀 such that 𝒩 ⊧ 𝜓[𝑐, ⃗𝑎]. Then ℳ ⪯ 𝒩.

Theorem 3

Let 𝒜 be an ℒ-structure, 𝜅 an infinite cardinal with card(ℒ) ≤ 𝜅 and 𝜅 ≤ card(𝐴). Then there exists a
structure ℬ with

ℬ ⪯ 𝒜 , card(𝐵) = 𝜅.

Theorem 4

Let 𝒜 be an infinite ℒ-structure, 𝜅 a cardinal with card(ℒ) ≤ 𝜅 and card(𝐴) ≤ 𝜅. Then there exists a structure
ℬ with

𝒜 ⪯ ℬ , card(𝐵) = 𝜅.

Theorem 5

Suppose 𝑇 is a consistent ℒ-theory with no finite models. If 𝑇 is 𝜅-categorical for some 𝜅 ≥ |ℒ|, then 𝑇 is
complete.

Theorem 6

Let ℳ/𝒰 = ∏𝑖∈𝐼 ℳ𝑖/𝒰 be an ultraproduct. For every ℒ-formula 𝜑(𝑥1, … , 𝑥𝑛) and tuples
⃗𝑎 ∈ ∏𝑖∈𝐼 𝑀𝑖,

ℳ/𝒰 ⊧ 𝜑[ ⃗𝑎𝒰] ⟺ { 𝑖 ∈ 𝐼 ∶ ℳ𝑖 ⊧ 𝜑[ ⃗𝑎𝑖] } ∈ 𝒰.

Theorem 7

Any two countable homogeneous structures with the same age are isomorphic.
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Problems
Problem 1

Let ℒ be an arbitrary language. Show that for finite ℒ-structures ℳ, 𝒩,

ℳ ≡ 𝒩 ⟺ ℳ ≅ 𝒩

Problem 2

A model ℳ of an ℒ-theory 𝑇 is prime if for every 𝒩 ⊧ 𝑇 , there exists an elementary embedding of ℳ into
𝒩.

• Show that ℕ is a prime model of Th(ℕ, +, ⋅, 0, 1).
• Show that if 𝑇 is an 𝜔-categorical theory over a countable language and has no finite models, 𝑇 has a

prime model.

Problem 3

If we take an ultraproduct over the same structure ℳ along an index set 𝐼 , we call this an ultrapower,
denoted by

ℳ𝐼/𝒰
Let 𝒰 be a free ultrafilter on an (infinite) set 𝐼 . The map 𝑗 ∶ 𝑏 ↦ (𝑏)𝑖∈𝐼/𝒰 defines an elementary embedding
of ℳ into ℳ𝐼/𝒰 (i.e. it is injective and the image is an elementary substructure).
Show that if ℳ is infinite and 𝐼 = ℕ, 𝑗 is not a surjection.

Problem 4

Let 𝐺𝑁 be the set of all simple graphs on the vertex set {1, … , 𝑁}. Let ℙ𝑁(𝜎) be the probability that an
ℒ𝐺-sentence 𝜎 holds for a random graph in 𝐺𝑁 , i.e.

ℙ𝑁(𝜎) = |{𝒢 ∈ 𝐺𝑁 ∶ 𝒢 ⊧ 𝜎}|
|𝐺𝑁 | .

Show that for any ℒ𝐺-sentence 𝜎,

either lim
𝑁→∞

ℙ𝑁(𝜎) = 0 or lim
𝑁→∞

ℙ𝑁(𝜎) = 1.
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